ASIP FOR MARTINGALES IN 2-SMOOTH BANACH SPACES. 
APPLICATIONS TO STATIONARY PROCESSES. 
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Abstract. We prove the almost sure invariance principle for martingales with stationary 
ergodic differences taking values in a separable 2-smooth Banach space (for instance a Hilbert 
space). A compact law of the iterated logarithm is established in the case of stationary 
differences of reverse martingales. Then, we deduce the almost sure invariance principle 
for stationary processes under, the Hannan condition, and a compact law of the iterated 
logarithm for stationary processes arising from non-invertible dynamical systems. Those 
results for stationary processes are new, even in the real valued case. We also obtain the 
Marcinkiewicz-Zygmund strong law of large numbers for stationary processes with values in 
some smooth Banach spaces. 

CM 

. 1. Introduction 

Let (X, | • \x) be a separable Banach space and X* be its topological dual. Let (fi, J 7 , P) 
be a probability space and let (X n ) n >o be a strictly stationary sequence of ^-valued random 



variables. We are interested in the P-a.s. behaviour of (S n / \/2nL(L(n))) n >i, where S n := 
Xq + • • • + X n -x an d L := max(l, log). We say that (X n ) n >Q satisfies the bounded law of the 



iterated logarithm (bounded LIL or BLIL) if (S n / \J 2nL(L(n))) n >i is P-a.s. bounded. We 
' ■^ | say that (X n ) n >o satisfies the compact law of the iterated logarithm (compact LIL or CLIL) 

if (S n / \/2nL(L(n))) n >i is P-a.s. relatively compact. 

When (X n ) n >o is a sequence of independent random variables, the bounded and compact 
LILs are well understood, thanks to a characterization due to Ledoux and Talagrand [23]. 
When the compact LIL holds, the cluster set of S n / y / 2nL(L(n))) n >i may be identified thanks 
to a result of Kuelbs [22] . When Xq is pregaussian (see next section) , we have an almost sure 
invariance principle as well. 

For Banach spaces of type 2 (see next section for the definition), the result of Ledoux- 
Q\ ■ Talagrand takes the following particularly simple form. 

o: 

£NJ . Theorem 1.1 (Ledoux- Talagrand, [251 Corollary 8.8]). Let (X n ) n >Q be a sequence of iid 

random variables with values in a Banach space of type 2. Then, (X n ) n >Q satisfies the 
bounded LIL (resp. the compact LIL) if and only if K((x* (Xq)) 2 ) < oo for every x* G X* 
(resp. {({x* (X )) 2 ) x * eX * ,\ x *\ x ,<i is uniformly integrable), E(\X \ 2 X /L(L(\X \ X )) < oo and 
E(Xi) = 0. 

c3 ! 

In particular, a sequence of iid variables (X n ) n >Q with values in a Banach space of type 2 
satisfies the compact LIL (hence the bounded LIL) as soon as: 

(1) E(|X ||) < oo and E(X ) = 0. 

We are interested here in the case where (X n ) n >o is a general stationary sequence, including 
the case martingale differences (and of reverse martingale differences). The analogue of the 
notion of Banach space of type 2 in the case martingale differences is the notion of 2-smooth 
Banach space (see the next section for the definition). One could wonder whether Theorem 
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11.11 is true in this context, or, at least, whether ([T]) is sufficient for the bounded or compact 
LIL, when (X n ) n >o is a stationary sequence of martingale differences. 

As far as we know, the latter question remained unsolved. Let us however mention some 
results in that direction. Morrow and Philipp |30| (see also |31| for an improved version) 
obtained an almost sure invariance principle (see the next section for the definition), hence 
a compact LIL (with an ad hoc normalization), for sequences of non- necessarily stationary 
martingale differences taking values in a Hilbert space. Dehling, Denker and Philipp |17j 
proved a bounded LIL in the same context. When applied to stationary sequences of martin- 
gale differences, the above results require higher moments than 2. In |30j and [31] an extra 
condition on the "conditional variance" is required and a rate in the ASIP is obtained in the 
finite dimensional case. 

In this paper, we prove that condition ([1]), is sufficient for the compact LIL when (X n ) n >o 
is a stationary sequence of martingale differences with values in a 2-smooth Banach space. 
When the sequence is ergodic, the cluster set of (S n / i/2nL(L(n))) n >i is identified as well 
as lim sup \S n \x / y/nL(L(n)). Then, using a result of Berger [2], we obtain an almost sure 
invariance principle for (S n ) n >i. Those results (except for the invariance principle) extend 
to reverse martingale differences. 

To prove those results we first obtain integrability properties of the "natural" maximal 
function arising in that context. This step is crucial not only to prove the results for martin- 
gales (and reverse martingales), but also in order to extend the results to general stationary 
processes under projective conditions. We note that the almost sure invariance principle for 
Hilbert- valued stationary processes under mixing conditions have been obtained by Merlevede 
|27j and Dedecker- Merlevede [TS]. Their results have different range of application. 

We also investigate the Marcinkiewicz-Zygmund strong law of large numbers for stationary 
processes taking values in a smooth Banach space. The maximal function arising in that 
other context has been studied by Woyczyhski [37], for stationary martingale differences. We 
investigate the case of stationary processes under projective conditions. The main argument 
used is the same as the one for the law of the iterated logarithm. The Marcinkiewicz-Zygmund 
strong laws in smooth Banach spaces have been also investigated by Dedecker-Merlevede [13] 
for stationary processes satisfying mixing conditions. 

In the next section we set our notations and state our results for martingales and then, 
for stationary processes, including non-adapted processes, functionals of markov chains or 
iterates of non-invertible dynamical systems. In section [3] we give several examples to which 
our conditions apply. In section [3] we prove our martingale results and in section [5] we prove 
our results for stationary processes. When needed, the remarks are proven there as well. 
Finally we postpone some technical proofs or results to the appendix. 

2. Main results 

2.1. Results for stationary (reverse) martingale differences. Let (f2, J-, P) be a proba- 
bility space. We will consider Banach-valued random variables. We refer to Ledoux-Talagrand 
[25] for our notations and definitions. 

Let (X, | • \x) be a separable Banach space. We endow X with its Borel cr-algebra. Denote 
by L°(X) the space (of classes modulo P) of measurable random variables on Q taking values 
in X. We define, for every p > 1, the usual Bochner spaces L p and their weak versions, as 
follows 

L p (n,F,F,X) = {Z e L°{X) : E(|Z|^)<oo}; 

L p > co (Q,F,P,X) = {Z £L°(X) : supt(P(|Z|* > t)) 1 ^ < co|} . 

t>o 
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For every Z £ L p (f2, J 7 , P, X), write \\Z\\ PjX := (E(|Z|^,)) 1 / p and for every Z £ L P '°°(S7, J 7 , P, Af), 
write ||Z|| P)0Oj * := su Pt>0 t(P(|Z|* > 

For the sake of clarity, when they are understood, some of the references to Q, J-, P or 
X may be omitted. Recall that for every p > 1 there exists a norm on L P,00 (P, X) (see 
for instance [25J, Chapter "Notation"), equivalent to the quasi-norm || • H^oo that makes 
L p '°°(P, X) a Banach space. 

The Banach spaces we will consider are the so-called smooth Banach spaces. We refer to 
Pisier |33| for the definitions and some properties of those spaces. We say that X is r- smooth, 
for some 1 < r < 2, if there exists L > 1, such that 

\x + y\x + \x~ y\x < 2(|s|k + L r \y\ r ) Vx, y € X . 

It is known that when X is r-smooth, there exists D > 1, such that for every martingale 
differences (ci n )i< n <Ar, writing M^r = d% + . . . + djy, we have 

N 

(2) E(\M N \ x )< D rJ2®(\dn\ r x). 

n=l 

When needed, we will say that X is (r, D)-smooth, where D is a constant such that condition 
(J2J) be satisfied (notice that this definition is compatible with the definition p. 1680 of [32] . 
see Proposition 2.5 there). 

Any L p space (of M- valued functions) associated with a c-finite measure is r-smooth for 
r = min(2,p). Any Hilbert space is (2, l)-smooth. We say that X is a Banach space of 
type r, 1 < r < 2, if d2J) holds foe every finite set (dNn)i< n <N of independent variables. In 
particular, 2-smooth Banach spaces are particular examples of spaces of type 2. 

Our goal is to study the law of the iterated logarithm and the Marcinkiewicz-Zygmund 
strong law of large numbers for the partial sums of a Af-valued stationary process. We will 
start by studying the maximal functions associated with these limit theorems. Let us precise 
some notations. 

Let 6 be a measurable measure preserving transformation on £1. To any X £ L°(£l,X), 
we associate a stationary process (X n ) n >o by setting X n = X o Q n (when is invertible, we 
extend that definition to u £ Z). Then, for every n > 1, write S n (X) = £"~ Xo 0\ Let 
C T be a <T-algebra such that Tq C 6~ 1 {Fq) and define a non-decreasing filtration (J r n ) n >o 
by T n := 6»- n (Jb). Define then E n = E(-\T n ). Let also F° be such that Q-^T ) C J 70 (for 
instance take J-° = J-) and define a non-increasing filtration (J- n ) n >o, by J- n := 8~ n (J r0 ). 
Define then E n = E(-|J rn ). 

Let 1 < p < 2. Let X £ L P (Q, J 7 , P, X). We consider the following maximal functions 

En— 1 v I 
fc=0 X k\X 

I v-^n— 1 y I 

(4) M 2 (X) := S up %^fff , 

n>i y nL{L(n)) 

where L := max(log, 1). 

The maximal operator Ai\ is related to Birkhoff's ergodic theorem, which asserts that 
for every X £ L 1 (0,^), (£fc=o Xc)/ n )n>i converges P-a.s. By Hopf's dominated ergodic 
theorem for real valued stationary processes (see [21] Cor. 2.2 p. 8]), for every X £ L 1 (Q, X), 

(5) \\Mi{X)\\ 1>00>x < \\X\\ ltX . 

Now, once we know that (0) holds, by the Banach principle (see |21[ Theorem 7.2, p. 64] 
or Proposition ID.lj) . in order to prove Birkhoff's ergodic theorem, it suffices to prove it on a 
set of X's dense in L 1 (e.g. the 6 invariant elements and the coboundaries). We want to use 
that strategy to study the Marcinkiewicz-Zygmund strong law of large numbers and versions 



(3) M P (X) :=sup '^ fc = u KUX , ifl<p<2, 

n>l Tl ' 
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of the law of the iterated logarithm. Of course one cannot expect to prove an LP version of 
(0) without any further assumption on (X n ) n >o- But Woyczyhski proved such a result when 
X is a martingale difference. 

We have 

Proposition 2.1 (Woyczyhski, [37] )• Let 1 < p < r < 2 and D > 1. Let X be a separable 
(r, D) -smooth Banach space. There exists C P)T > such that for every d E L p (£l, T\, P) (resp. 
d e LP(U, with Eo(d) = (resp. E 1 (d) = 0), we have 

(6) \\M p (d)\\ Pj00jX <C p , r D r /P\\d\\ p , x . 
Moreover, 

(7) \S n (d)\ x /n^ p -> P-O.S. 

Remarks 12. Ik . We do not know whether the proposition is true for p-smooth Banach spaces. 
Actually, Woyczyhski proved that Ai p (d) is in any LP , r < p and worked with martingale 
differences (not differences of reverse martingales). But his argument applies to obtain the 
above proposition. We give the proof of §6§ in the appendix, for completeness. The proof of 
d?D is done in [37J. The argument is very similar to the scalar case. Actually by the Banach 
principle (see Proposition ID.1|) . using (0), it is enough to show ([7]) in the scalar case, see for 
instance the proof of Theorem 12.21 

12.1b . A related result is the Baum-Katz inequality, proved in that context in [14] . As in |14j 
(and in |37| ) the stationarity assumption in Proposition 12.11 may be slightly weakened. 

Next, we obtain a similar result for A4 2 , from which we derive the compact LIL for sta- 
tionary martingale differences (or reverse martingale differences). 

Theorem 2.2. Let X be a (2, D)-smooth separable Banach space, for some D > 1. For every 
1 < p < 2, there exists a constant C p > 1, such that for every d £ L 2 (Q, T\, X) (resp. every 
d G L 2 (fl, J 70 , X)) with Eo(d) = (resp. E l (d) = 0), we have 

(8) \\M 2 {d)\\ p ^ x <C p D\\d\\ 2 , x 

Ln particular, (d n )n>o satisfies the compact LLL. Moreover, if 9 (or the sequence (d n ) n >o) is 
ergodic, 

(9) and limsup^^£^= sup ||x*(d)|| 2 < \\d\\ 2 ,x P-o.s. 

n ^J2nL(L(n)) x*eX*,\x*\ x *<l 

Remarks 12.2a . Of course, ([5]) is equivalent to the fact that, for every 1 < p < 2, there exists 
C p , such that ||.M2(cOI|p < C , p -D||<i||2 i ;t- The explicit estimates in the proof of ([8]) allows to 
prove that for every e > 0, E((M 2 (d)) 2 / {L(M 2 {d)) 2+e ) < 00 . 

12.2b . The maximal inequality (JSj) implies very directly, the bounded LIL (hence the compact 
LIL, in the hnite dimensional case). Now, by (|8|) and Proposition ID.lt we will see that the 
proof of the compact LIL reduces to the hnite dimensional case. Similarly, using ([8]), to 
prove the Hartman-Wintner LIL (for martingales with stationary ergodic differences) in the 
one-dimensional case, it is enough to prove it when d is bounded. 

12.2b . The maximal function M 2 (X) has been already used successfully by Ledoux-Talagrand 
|23| in the context of iid variables. 

When 9 is ergodic the cluster set of { , Sn( - d ^ n > 1} may be identified as in \22\ 

^J2nL{L(n)) 

Theorem 3.1, II]. We can deduce from Theorem 12.21 an almost sure invariance principle 
(ASIP). We first give the notations to precise what we mean by an ASIP, in the Banach 
space setting. 

Recall, that we denote by X* the topological dual of X. Let X 6 L 2 (Q,X) such that 
E(X) = 0. We define a bounded symmetric bilinear operator K, = ICx from X* x X* to R, 
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by 

K(x*,y*) = E{x*(X)y*(X)) Vx*,y* G X* . 

The operator Kx is called the covariance operator associated to X. 

We say that a random variable W G L 2 (Q,X) is gaussian, if E(W) = and for every 
x* G X* , x*(W) has a normal distribution. We say that a random variable X G L 2 (S7, X) is 
pregaussian, if E(X) = and there exists a gaussian variable G L 2 (£l,X) with the same 
covariance operator, i.e. such that Kx = fc-w 

Let X G L 2 (n,X). We say that (X n ) n > satisfies the almost sure invariance principle 
(ASIP) if, extending our probability space if necessary, there exists a sequence (W n ) n >o of 
iid gaussian variables, such that 

\S n (X) - (Wo + ■ ■ ■ + W n -i)\x = o(^nL{L(n))) P-a.s. 
We shall say that (X„) n >o satisfies the ASIP of covariance K,, when K, = JCw is identified. 
We now recall an important result of Berger on the ASIP for martingale differences. 

Proposition 2.3 (Berger, [2j). Let X be a separable Banach space. Assume that 9 is ergodic. 
Letd G L 2 (Q, T\, X), withEo(d) = 0. Assume thatd is pregausssian and that (d n ) n >o satisfies 
the CLIL. Then, (d n ) n >o satisfies the ASIP of covariance /Q- 

By |25} Proposition 9.24], on any Banach space X of type 2 (in particular, on any 2-smooth 
Banach space), every X G L 2 (Q,X) with K(X) = is pregaussian. Hence, Berger's result 
applies as soon as the CLIL is satisfied and we deduce: 

Corollary 2.4. Let X be a 2-smooth separable Banach space. Assume that 9 is ergodic. For 
every d G L 2 (0, T\, X), with Eo(d) = 0, (d n ) n >o satisfies the ASIP of covariance IC^- 

Remark 12.41 Assume that dimA' = 1 and that 9 is ergodic. It follows from Corollary 2.5 
of [7] that for d G L 2 (Vt,J r0 ,X) such that E 1 (d) = 0, (d n ) n > satisfies the ASIP. We do not 
know whether the ASIP holds when dimAf > 2. The proof of Proposition 12.31 given in [2] 
does not seem to pass to reverse martingale differences. One possibility of proof could be to 
apply proposition 3.1 of [12], using ([8]) to verify assumption 1 there. 



2.2. Results for non necessarily adapted stationary processes. We assume here that 
9 is invertible and bi-measurable, in which case we extend our filtration to (J- n )n&- Then, 
we write JL^ := n n6 z.F n , J^, := V ne z.F n , and for every n G Z, E n (-) = E(-|J"„) and 
P n := E n — E n _i. We say that a random variable X G L X) is regular if E_ 00 (A) = 
andX-E QO (X) =0. 

Theorem 2.5. Assume that 9 is invertible and bi-measurable. Let 1 < p < r < 2 and 
D > 0. Let X be a (r, D)-smooth separable Banach space and X G L p (£l, J 7 , P, X) be a 
regular variable. Assume moreover that 

(10) \\X\\ Hp :=^||P n A|| p 

Then, there exist (a universal) C p ^ r > 0, such that 

(11) ||.M P POII P ,oc < C p , r D r t*\\X\\ Hp ■ 
Moreover 

\S n {X)\ x /n 1 / p -> F-a.s. 

Remark 12.5a . If we assume moreover X to be a Hilbert space, say T~L, then condition (|10p 

holds as soon as V ri>1 l|E -" ( * }11 ^ < oo and V ri>1 \\ x ~^)Wv,n 

12.5b . Theorem 12.51 improves Corollary 1 of [38j and part of Corollary 3.1 of |6J. 
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Theorem 2.6. Assume that 8 is invertible and bi-measurable. Let X be a (2, D)-smooth 
separable Banach space, for some D > 1. Let X £ L 2 (Q, T, P, X) be a regular random 
variable. Assume moreover that 

(12) \\X\\ H2 := \\PnX\\ 

Then, for every 1 < p < 2, there exist (a universal) C p > 0, such that 

(13) \\M 2 (X)\\ P:00 < C P D\\X\\ H2 . 

The series d = YlneZ ^ (-^ ° @ n ) converges in L 2 (Q, T\, X) and Eo((i) = 0. Moreover, wrting 
M n ■= Y2=o d k, we have 



(14) \S n -M n \ x = o(y/nL(L(n))) 



-a.s. 



Remarks 12.6a . It follows from that the conclusion of Theorem 12.21 holds for (X n ) n >Q. 
In particular (X n ) n >o satisfies the CLIL and the ASIP of covariance tCd, where, for every 
x*,y* 6 X* , K,d{x* ,y*), K-d = ^2 neZ K(x*(X n )y*(X)), the series being abslutely convergent. 
Moreover, since, ||<i||2,A' < Il^l|-ff2> 

limsup \ S ^ X } }^ < \\x\\ H2 P-a.s. 
n v /2nX(L(n)) ~ 

12.6b . Notice that on a Hilbert space T-L (see the appendix for the proof of the remark), 
condition (fT2l) holds as soon as 



(15) E iiE.„ ( x)ii 2 ,„ <ooand E nx- E „(x)i hw<x 



n>l v n>l 



Moreover, (|15j) implies that X is regular. 

l2~TB"b . If X is not regular, write X = X -E OQ (X)+Y +E^ OQ (X), where Y = E 00 (X)-E_ 00 (X) 
is regular and satisfies ||y||i/ 2 = ||X||// 2 . Then, the conclusion of Theorem 12.61 holds when the 
regularity condition is replaced with the following: \(S n (K- oc (X)))\ x = o(^nL(L(n))) P-a.s. 
and \S n (X - E 00 (X))| A - = o( v / nL(L(n))) P-a.s. Now, it follows from [6j Theorem 4.7] that 
a sufficient condition for the latter is £ n J^^n)^ < 00 and ^™ < °°" 

I2.6H . Theorem 12.61 improves Theorem 2 of [38], Theorem 2.1 of [23] (for p = 2) and Corollary 
5.3 of [5], where the results do not apply to infinite dimensional Banach spaces. 
12.6b . By a standard argument (see for instance Proposition 2.1 of [1]), it follows from (|13|) . ([8]) 
and UI3J that |E (5 n — M n )|^ = o(y/nL(L(n))) P-a.s. and |E n (S„-M n )|* = o(Vni(I(n))) 
P-a.s. Since E (M n ) = and E n (M n ) = M n we deduce that |E (S„)|* = o{^nL{L{n))) P- 
a.s. and \S n — E, n (S n )\x = o(y / nL(L(n))) P-a.s. On the other hand, one can adapt the proof 
of Theorem 1 of [36] to prove that for every positive ip with <p(n) / L{L{n) — > 0, there exists 

a (linear) process (X n ) n& z satisfying ([12]) and such that limsup |Eo(S , n )|A'/\A^("0) = +°° 
P-a.s. 

The situation considered in this paragraph includes the case of stationary (ergodic) Markov 
chains. Let P be a transition probability on a measurable space (§,<S) admitting an invariant 
probability m. Let (O, J 7 , (J 7 n ) n ez ) IP, (Wn)nez) be the canonical Markov chain associated with 
P, i.e. n = S z , T = S m , (W n )nez the coordinates, J" n = <r{. . . , W n _i, W n }, P o W^ 1 = m 
and P(W n+ i G A|J" n ) = P(W n , A). Finally, denote by (9 the shift on ft. 

Recall that P induces an operator on L 2 (E>, m) that we still denote by P. If H is a Hilbert 
space, we denote by P the analogous operator on L 2 (§, m, %). 

Theorem 12.61 applies to that setting with X = f(Wo), where / G L 2 (S,T-L). Using Remark 
12.6b . it suffices to check (|15p . In that situation, the process is adapted, hence the second part 
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of condition (flljj) is automatically satisfied while the first part reads as follows 
nfi s \- \\P n fh,H < 

(16) 2^ — - — <°°- 



n>l v 

If P is normal, i.e. PP* = P*P, then P is normal too. In that case, it can be proved that 
the conclusion of Theorem 12.61 holds for [X n = f(W n )) n >o as soon as 

(17) Eii pn /n^ <o °- 

n>l 

Condition (|17p is clearly weaker than (|16|) . 

The sufficiency of (fTTj) is proved in [1] , using some arguments of Jiang- Wu [20] , see their 
Theorem 2.1 and their remark 2.2. 

2.3. Results for non-invertible dynamical systems. Here, we assume that 9 is non- 
invertible. Let us write F n = 9~ n (F), for every n > 0. Denote F°° = C\ n >oF n . 

In this case there exists a Markov operator K, known as the Perron-Frobenius operator, 
defined by 

(18) f X(Yo6)JF= [(KX)YdF MX, Y G L 2 ($7, F, P) . 
Jn Jn 

Then, we have for every X £ L (f2, F , P), 

(19) E n (X) = (K n X) o8 n . 

If H is a Hilbert space, we extend K to L 2 (ft, J 7 , P, H), in a way similar to (|18p . We denote 
by K the obtained operator. 

Theorem 2.7. Let (Q,F,F,9) be a non-invertible dynamical system. Let X E L 2 (Q,,T-L) be 
such that 



(20) £ 



|K n X|| 2 ^ 



., n 

n>0 



< oo . 



Then, for every 1 < p < 2, there exists C p such that 

|K n X|| 2j % 



\\M2(X)\\ p , n <C p J2 



n>0 



Moreover, there exists d € L 2 (il, F, ¥,T~L) with E x ((i) = 0, such that, writing M n := Y^=o dk, 
we have 



(21) \S n - M n \ H = o(y/nL(L(n))) F-a.s. 

Remarks 12.7a . It follows from (|2ip that (X n ) n >o satisfies the CLIL, but we do not know 
whether it satisfies the ASIP in general, except when % has dimension one (see Remark l2.2b ). 
12.7b . Of course, as in the previous paragraph, we have also the CLIL and even the ASIP for 
the Markov chain induced by K, when (|20p is realized. 



3. Applications 

Now, we give several applications of the previous results. We do not intend to give all 
possible examples where our conditions apply, but we try to provide examples illustrating 
the different situations we have considered. 

For instance, our results on the Marcinkiewicz-Zygmund strong laws (and on the LIL) can 
be used (in the one-dimensional case) to obtain almost-sure invariance principles as in [38] 
(see also [TO]). 

We start with a one-dimensional situation. 
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3.1. 0-mixing sequences. Let us recall the definition of the ^-mixing coefficients. 

Definition 1. For any integrable random variable X, let us write = X — E(X). For 

any random variable Y with values in R and any a-algebra T ' , let 



0(JF,r)=sup E((ly< s ) 



(0) 



(0) 



For a sequence Y = (Y^jgg, where Y$ = Yqo 9 l and Yq is an T^-measurable and real-valued 
random variable, let 

(j) Y (n) = sup0(Jb)lt) • 

We need also the following technical definition. 

Definition 2. //// is a probability measure on R and p g]1,oo), M 6 (0,oo), Ze£ Mon p (M, fj,) 
denote the set of functions f : R — >• R which are monotonic on some interval and null 
elsewhere and such that ^(\f\ p ) < M p . Lei Monp(M, fj,) be the closure in L p (/i) of the set of 

functions which can be written as Yle=i a &fi> where Y^,e=i \ a e\ — an< ^ ft ^ Mon p (M, //). 

Theorem 3.1. Lei X, = — E(/(Yj)), where Yi = Yq o 6 l and Yq is an Tq -measurable 

random variable. Let Py be the distribution o/Yq and p e]l, oo]. Assume that f belongs to 
Monp(M, Py ) (with Py = P o Y^ 1 ) for some M > 0, if 2 < p < oo and that f has bounded 
variation if p = oo. Assume moreover that 

k>l 

Then, if 1 < p < 2, (X n ) n& z satisfies the conclusion of Theorem \2.5\ and if p > 2, (X n ) ne z 
satisfies the conclusion of Theorem \2.6l 

Remark. Whenp = 2, Dedecker-Merlevede-Gouezel [11] proved that Yl n >i P( max i<fc<2™ \£>k\ > 

C2 n l 2 (L(n)) 1 / 2 ) < oo (which is stronger than (T5$)) under the condition ]T fc>1 k 1 /^' 1 / 2 ^ 2 {k) < 
oo. 

Proof. Assume first that 1 < p < oo. Since / G Mon p (M, Py ), there exists a sequence of 
functions 

L 

fh = a k,lfk,L i 
k=l 

such that for every L > 1, Y2k=l \ a k,L,\ < 1, for every 1 < k < L, /^x is monotonic on some 
intervall and null elsewhere, and [|/jfc,L(^ci)||p < M and, finally (/l)l>i converges in L p (Py ) 
to /. Hence, 

||E (/(Y n ))-E(/(Y n ))|| p = lim \\E (f L (Y n ))-E(f L (Y n ))\\ p 

L— ¥oo 

L 

< hminfV|a fciL |||E (/ fciL (y n )) -E(f ktL (Y n ))\\ p < C p M$- 1)/p {n) , 

k=l 

where we used Lemma 5.2 of [12] for the last estimate. 

To conclude in that case, we notice first that we are in the adapted case, and that Theorem 
12.51 applies, when 1 < p < 2, by Remark 12.5a and Theorem 12.61 applies when p > 2, by remark 
123b . 

Assume that p = oo and that / has bounded variation. Hence / is the difference of two 
monotonic functions, to which we apply Lemma 5.2 of [12] with p = oo. Then, we conclude 
as above. □. 
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3.2. Linear processes. Let (0, J 7 , P) be a probability space and be an ergodic invertible 
and bi-measurable transformation on Vt. Let X be a separable 2-smooth Banach space. Let 
£ G L 2 (O,J" ,P,^) such that E(f|.F_i) = and define & = £ o 0\ i G Z. 

Let (Ai)i £ z be a (non stationary) sequence of random variables with values in L°°(r2, J^—i, B 
where B(X) stands for the Banach space of bounded (linear) operators on X. It follows from 
fl2J) that, if ^2 ieZ ll^i|lro,B(AO < 00 ' tne P rocess 

X n : = ^iCn-i , nGZ 
is well-defined, in L 2 (r2, Af). We have 

Corollary 3.2. Let (X n ) be the linear process above. Assume moreover that 

|^i||oo,B(AO < • 



Then Xq satisfies (|12j) and the conclusion of Theorem \2.6\ holds. 

3.3. Functions of linear processes. Let (£n)nez be a sequence of iid real random variables 
in L 2 (f2, J 7 , P). Let (a n ) ne z be in I . We consider a linear process defined by 

Y n := ^2 a kCn-k VnGZ. 
kez 

For every n G Z, write J" n = cr{. . . , £ n -l,£n}- 

We denote by A the classes of non-decreasing continuous bounded functions on [0, +oo[, 
such that tp(0) = 0, and satisfying one of the following 

ip 2 is concave ; 

ip{x) = min(l, x a ) \/x > , for some < a < 1 . 

Let r > 1. Let / be a real valued function such that 

(23) \f(x)-f(y)\<(p(\x-y\)(l + \x\ r + \y\ r ) Vx,yGM. 

Our functions are unbounded and around a (large) point i£l the continuity of / is controlled 
by <p with an authorized "weight" of |x| r . 

We want to study the process (X n ) ne z given by 

X n := f(Y n )-E(f(Y n )) VnGZ. 

Corollary 3.3. Let ip G A and r > 1. Let £ G L 2r (Sl, J 7 , P) and / safe/?/ ([23]). Lei 
(a n ) n £z G • Consider the process (X n ) n >Q above. If 

2^^(|an|)<oo or 2^ ^= <00 ' 



n>l n>l 



i/ien (X n ) n >o satisfies the conclusion of Theorem W. 

We give the proof in the appendix. 

3.4. A non-adapted example. We now consider an example of non-adapted processes for 
which new ASIP with rates have been obtained very recently, see [16] and the references 
therein. 



Let d > 2 and 6 be an ergodic automorphism of the <i-dimensional torus SI = ft^ - 
Denote by T the Borel er-algebra of $7 and take P to be the Lebesgue measure on O. 

For every k = (k\, . . . , kj) G Z rf , write |k| := maxi<j<d \ki\. If % is a Hilbert space 
and if / G L 2 (Q, J 7 , P, 1-1), we denote by (ck)kez d = ( C k/H)kez d its Fourier coefficients, i.e. 
c k,H = J[o x\d /(x)e _2i7r ^ ,k ^P(dx), for every k G Z^, where (•, •) stands for the inner product 
on R d . 
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Corollary 3.4. Let H be a Hilbert space and f £ L 2 {VL,T{). Assume that there exists /3 > 2 
and C > such that 

- ZwdlRF Vm - L 

Then, (/o6* n ) n >o satisfies the ASIP with covariance operator given by fC(x, y) := J2 m <=z P(( x > /) ' 
6 n )u), for every x,y E %. 

Remark [331 Dedecker-Merlevede-Pene |16|. Theorem 2.1] obtained the ASIP when rl = R m 
and their proof requires f3 > 4. When m = 1, rates in the ASIP are also provided in [16j . 
Proof. It follows from the proof of Propositions 4.2 and 4.3 of [16] (notice that the proofs work 
in the Hilbert space setting) that there exists a filtration (J 7 ri ) ri gz (defined at the beginning 
of paragraph 3 of [16]) such that T n = 6~ n Fo and 

m-n(f)h,H = 0( ^-L_ ) and ||E n (/) - f\\ 2tH = 0(- ' 



Then, the result follows from Remark 12.6b . 



4. Proof of the results for Banach- valued martingales 

Proof of Theorem 12.21 Let us prove ([8]). We start with the case d € L 2 (0, J*i,P) and 
E (d) = 0. 

When <i € L 2 (fi, J^P) and E 1 (<i) = 0, the proof is the same, with the obvious changes, 
noticing that for every n > 1, (S n (d) — S n _k(d))o<k<n is a (^ n ~ fc )o<fc<n- m artingale, that 
max!<fc< n \S k {d)\x < 2maxKi< n |SVi(cO — S^-fc^)],^ and that the martingale property is 
only used on blocks. 

Clearly, by homogeneity, it suffices to prove the result when ||d||2,;r = 1- Let A > and 
1 < p < 2. Let us prove that there exists C p > 1, independant of A such that 

(24) A p P(Af* > A) < D p C'!p , 

where 

H/T*/J\ max KK2» \M k \ X 

Since clearly A^2(^) < CM*, this will imply the desired result. Since (|24p is clear for 
< A < D, we shall assume that A > D. 

Let S > 1 be an integer, fixed for the moment. 

We have, using Doob's maximal inequality for the submartingale (\S n (d)\x) n >i, and ([2]) 



maxi< fc < 2 s |<Sa;(cO|x . 1 E(maxi< fc < 2 s \S k (d)\ X/ 

SU P n ./9/w.Mi/9 > A i ^ T2 2^ 



\< s £ s 2»/2(L( a ))i/2 A 2 ^ 2*L( S ) 



(25) < _2_ ^ Pd^(rf)! 2 ,) < CD 2 S 



A 2 2 s L(s) " A 2 L(S) 



for some positive constant C. 
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We make use of truncations. Let a > be fixed for the moment. For every s > 1, k > 1 
define 

e k ] : = 4i { | dfeU < aA 2V2/(L( s )i/2 } ; 4 s) : = 4 s) - E (4 l-^-i) : 4 := d fc ~ 4 s) 



i=l 

2 s 2 s 

r s :=4^E(K|||J- i _ 1 ) ; T.W := ^({d^ ■ 
i=i i=i 
Notice that, for every s > 1, 

(26) r] s ) < T s . 
Let /3 > be fixed for the moment. Define the events 

f maxi< fc <2» \M k \ x v _ _ f maxi< fe < 2 « |M^ a) | ^ 

s ' _i 2V2(L( s ))i/2 >A > ' 2 V2(L( s ))i/2 >A/2j 

maxi< fc<2 s IM^Iy , , r T, 9 , r T s (s) 9 , 

g « : = i 2 l% { L { s)y% > A/2} ; ^ : ={^ >/3A} ; ^:=^n{^</3A 2 }- 

Using ([26]) . we see that B s f\ D c s <Z E s . In particular, we have 

4C5 S UC S ; B s cD s UE s . 

Hence, 

{S -S "w'' > A1 = U A > ' ( U o.) U( U p.) U( U • 

S >S & (^(SJJ ^ ^ 

Now, Us>5-^s = {sup s> 5 |f > /3A 2 }, hence by Hopf maximal inequality (see e.g. [211 Cor. 
2.2, p. 8]7 using that Efldil^) = 1, 

(27) F(\jD a )<F(\jD a )<-^. 

s>S s>l 

We also easily see that, using Fubini for the last estimate, 

W\ \ n \ ^ ^ E (maxi< fc < 23 \M^\x) 
P((J C s ) < 2-/2(L( s ))i/2 

s>S s>0 v v 

4 2 s / 2 4C 

( 28 ) ^ A S (^))T7^ E (l d l^ 1 {]<iiU>aA2V2/( L ( s)) l/2 } ) < ^ ■ 

It remains to deal with |J >R E r . We need the following lemma from Dedecker-Gouezel- 
Merlevede Proposition A.l], whose proof follows from Pinelis |32l Theorem 3.4]. The 
proof in [11] is done in the scalar case but it easily extends to 2-smooth Banach spaces, since 
Theorem 3.4 in [32] is proved in that setting. A related inequality in the scalar case is stated 
in Freedman [18} Theorem 1.6]. 

Lemma 4.1. Let c > 0. Let (J 7 j)j>o be a non- decreasing filtration and (4/)j>i a sequence 
of random variables adapted to {Fj)j>o, such that for every j > 1, \dj\x < c a.s. and 
E(dj|J r j_i) = a.s. Then, for all x,y > and all integer n > 1, we have 

k n 

(29) P( max | V]dj|* > x ; VE(|dj&|.F^i) < 2//D 2 ) < 2exp ( - )) , 

l<k<n £ — ' z — ' C z V 
i=l i=l y 

where h(u) = (1 + u) log(l + u) — u. 
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Let s > S. Let us apply the lemma to the sequence of martingale differences (d[ s ^) (in 
this case, we may take c = 2a\2 s / 2 / '(L(s)) 1 / 2 ), with x = A2 s / 2 ~ 1 (L(s)) 1 / 2 , y = pD 2 \ 2 2 s and 
n = 2 s . We obtain, taking a = D 2 (3, 

, . , D 2 8L(s),, a x , , L(s)h(l). 2 

Hence, if h(l) / '(AD 2 (3) > 1, we see that 



(30) £p(£ s ; 



< 



(h(l)/4D 2 /3- l)SMl)/4D2/3-l • 

Take /3 = ^ 2 ~g^>a^ and S 1 = [A 2 ~ p ]. Recall that we assume that A > D, in particular 
< ^p^- Combining ([25]), (JSTJ) , (J2HD and ([30]), we infer that, there exists C > 0, such that 

CT> P 

A P P(M* > A) < , 

2-p 

which ends the proof of 0. 

Let us prove that (d n ) n >i satisfies the CLIL, we use the Banach principle, see Proposition 
ID. II By definition of the Bochner spaces, there exists (<i^ m ^) m >ii converging in L 2 (Q, X) to 
d, such that for every m > 1, there exist k m > 1, a±, . . . , a^ m G X and Ai, . . . , Ak m G .Fi 
such that 

i=l 

Write J( m ) := d^ -E (d (m) ). Then, (J (m) ) m >i converges in L 2 (0, AT) to d and for every m > 
1, by the bounded law of the iterated logarithm for martingales with stationary increments, 
taking values in & finite fimensional Banach space (which follows for instance from ([8])), we see 
that for every m > 1, (c4i m ' > )n>i satisfies the CLIL. Hence we conclude thanks to Proposition 

EH 

It remains to prove ([9]). By the compact LIL and ergodicity, there exists S > 0, such that 
limsup ^L(L(n)) = S F> ~ a,s ' Let M := su P|^*U*<i Il x *( d )ll2- Let us P rove that S = M. Let 
e > 0. There exists x* G X* such that ||x*(X)|| 2 > M — e. Since, \S n (d)\ x > |x*(5 n (d))|, it 
follows from the LIL for real- valued martingales (with stationary ergodic increments), that 

S>M-e P-a.s. 

Letting e — > 0, along rational numbers, we see that S > M. Let us prove the converse 
inequality. 

By the compact LIL and ergodicity, there exists a compact set K G X, such that for P-a.e. 
lj G the cluster set of {S n (d) (w)/y / 2nL(L(n)), n > 1} is K. Let x G if be such that 
\x\x = S, and let x* G Af* be such that |x*|#* = 1 and x*(x) = \x\x- For P-a.e. to G fi, there 

l-l 



exists (rifc = Wfe(w))fc>i such that S nk (d)(oj) Y / 2n^L(L(nfc)) — ^> x. In particular 



x*(5 nfc (d)HV2n fc L(L(n fc ))) -^4 x*(x) = S < lim sup 5„ (x* (d) ) (ui)y / 2nL(L (n) ) ) . 
But, by the real LIL, for P-a.e. io G fi, 



lim sup 5 n (x* (d) ) (w) yj2nL(L (n) ) ) < ||x*(d)|| 2 < M , 
which ends the proof. □ 
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Proof of Remark 12.2b . Classically, it suffices to prove that J 2 °° L (Jjz+ s P(M* > t)dt < oo. 

Now, combining ([25]) . (|27p. ([28]) and ([30]) . we infer that, there exists C > 0, such that, for 
every A > and every 1 < p < 2, 

Kjr>A)so( ^^ + — L^ + g^). 

For every n > 1, write p n = 2 — 1/n. It follows that 

f T7^P( M * > < T / 2 (tt4Ht7^— + 4 + — ) V 
7 2 L i 2+e v J \L(t) 2 + ey L(t)tP" t 2 nP»'J 

n>l 

< ^^(^rr + — TT7 + ~5Z7) < 00 • 
— Z__/ v rl 2+e re 1+e rt + 

n>l 

5. Proof of the results for stationary processes 

5.1. Proof of Theorem 12.61 Recall that we assume here 9 to be invertible. Let X be a 
2-smooth Banach space. 
Define 

(31) H 2 :={Z EL 2 (Sl,X) :E_ oo (Z) = 0, E 00 {Z) = Z, ^ ||P„Z|| 2 ^ < oo} . 

It is not difficult to see that, setting ||^||h 2 := YlneZ \\Pn^\\2,x, (-^2,11 • \\h 2 ) is a Banach 
space. 

By our regularity conditions, we have, Z = Ylkei^kZ in L 2 (Sl,X) and P-a.s. Hence, 
writing S n = S n (Z) = Y17=o % ° we have 

n-l 

This splitting of S n into a series of martingales with (stationary) increments has been used 
already in |38j and [8] in a similar context. This idea seems to appear first (explicitly) in a 
paper by McLeish [26]. We deduce that 

M 2 (Z) <Y,M 2 {P k {Z)). 

fcez 

But, for every k G Z, ((P^Z) o 9 l ))i>\ is a stationary sequence of martingale differences. 
Hence, by Theorem 12.21 f° r every 1 < p < 2, there exists C p , such that 

(32) \\M 2 (Z)\\ P>00 < C P D(J2 \\PkZ\\ 2 ) ■ 

We define a continuous operator V from i? 2 with values in {d G L 2 (Sl, F\) : E(di|J r o) = 0}, 
by setting, for every Z G ff 2 , £>Z := E„ e z P\(ZoQ n ). Write d = £>Z. Let M n := E™^ 1 do9 k . 
We want to prove that 

(33) |5 n - M n \ x = o(y/nL(L(n))) P-a.s. . 

Since M 2 (Z + d) < M 2 (Z) +M 2 (d), using ([32]), Theorem [231 and the Banach principle (see 
the appendix), we see that the set of Z G H 2 such that (j33[) holds is closed in i7 2 . 

Let Hz :={Z G F 2 : Z G L 2 (ft, Jb)} and H+ := {Z G F 2 : Eq(Z) = 0}. We have the 
direct sum H 2 = © i? 2 • We prove the result on each space separately. 

We define two operators Q and R, acting respectively on {Z G L 1 (Q, Tq) : E_oo(Z) = 0} 
and on {Y G L 1 (SI, Fob) : E (F) = 0}, by setting 

QZ = E (Z o 9) and RY = Y o 9' 1 - E (Y o 6"" 1 ) . 
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Those operators have been already used in [35] (see also [S] and [B] where Q has been used 
in a similar context). Notice that for every n > 1, 

Q n Z = E (Z o 9 n ) and R n Y = Yo9~ n - E (Y o #- n ) . 

In particular, for every Z £ H 2 , 

\\Q n z\\ H - = V \\P- k (E (z o r))|| 2 = V \\P- k z\\ 2 — > o 



J 2 

£i>0 fc>n 



and, for every Y £ H, 



2 > 

= E u p *( y ° ^ n - E °( y ° rn ))ii2 = E w p * Y h — ► 

fe>0 fc>n 

This implies that Q and R are contractions of and P^" respectively, and that they satisfy 
the mean ergodic theorem, see e.g. Theorems 1.2 and 1.3 page 73 of [21J. In particular, we 
have 

H 2 = (I — Q)H 2 and P+ = (I - R)H+ . 

Hence, we just have to prove that (f3"3"j) holds on (/ — Q)H 2 and (/ — R)H 2 • Those cases 
actually "correspond" to a martingale-coboundary decomposition as in Gordin-Lifsic |19j . 
Indeed, for every n € Z and every Z E H 2 , we have 

Pi (((I - Q)Z) o r) = {Pt-nZ) O 0" - (P_ n (E_!(Z))) o . 

Hence, since Z € L 2 (f2, J^, P), we have 

- q)z) = Y, ((P-(n-i)Z) o e n - (P- n z) o = (p z) e , 

n>l 

using telescopic sums and the fact that ||P_ n Z||2 — > 0, as n — > oo. Then, we have the 
decomposition, 

(I - Q)Z - P((J - Q)Z) = Z-Zo0, 



which implies that \S n ((I — Q)Z) — M n ((I — Q)Z)\x = o(y / nL(L(n))) P-a.s., since, by the 
Borel-Cantelli lemma, Z o 6 n / 'y/n — > P-a.s., as n — >• oo. 

Let us prove (|33p on (/ — R)H 2 . For every Y G H 2 , we have 

Pi(((/-p)y)o^) =F 1 (y f-yor 1 ) + (^(^(y)^^- 1 . 

Hence, since Eo(F) = 0, 

V((I-Q)Y) = E 1 (Y) = P (Y). 
Then, we have the decomposition, 

(/ - R)Y - V((I - R)Y) = {Z- Ei(Y)) - (Y - Ri(Y)) o 9~ l , 



which implies that \S n ((I - R)Y) - M n ((I - R)Y)\ X = o{^nL{L(n))) P-a.s., since, by the 
Borel-Cantelli lemma, (V - Ei(Y)) o O^ 1 / ^/n -> P-a.s., asn->oo. □ 

5.2. Proof of Remark 12.6b . By (fT2"]) . we have X^nez 11-^*1(^)11 2, A" < oo. Hence, for every 
f,g £ X* , we have, with absolute convergence of all the series, 

IC d (f,g)= E E(P 1 (/(X n ))P 1 ( 5 (X m ))) = £ E(f(X )P 1 - n (g(X m . n ))) 
= Y E(/(X )P_ n (<?(X m ))) = J] E(/(X ) 5 (X m )) . 
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5.3. Proof of Theorem 12.51 As in the proof of Theorem 12.61 we define a Banach space 
H p := {Z € L p (Q, X) : E_ 00 (Z) = 0, E 00 (Z) = Z, \\Z\\ Hp := ^ \\P n Z\\ p ,x < oo} . 

We see that 

where CV iP is the constant appearing in Proposition 12. 1\ and that the operator D may be 
extended in a continuous operator from H p to {d £ L P (Q,F\,X) : Eo(cf) = 0}. Then, 
the proof is the same, using that the Marcinkiewicz-Zygmund strong law of large number is 
known for r-smooth valued stationary martingale differences, see e.g. [37J. □ 

5.4. Proof of Theorem 12.71 For every n > define := E n - E n+1 . It suffices to prove 
the theorem under the weaker condition E°°(X) = and 

Y / \\P {n) (X)hH<oo. 

n>0 

The fact that (|20p implies the latter may be proved as Remark 12.6b . using (|19p . 

Then, the proof may be done exactly as the proof of Theorem 12.61 on H% , the role of Q 
being played by K. 



Appendix A. Proof of Proposition 12.11 
We start with the case d G L^J^P) and E (<2) = 0. Define M* = M*(d) :-- 

2 s /p 



su Ps>0 maXl<n ^ 2 ; p ' 5 " (ci) ^ . Let s > 0. For every 2 s < n < 2 S+1 - 1, we have 



\S n {d)\x < maxi< n < 2s \S n {d)\ x < 



n 



i/p — 2 s /p 



Hence it suffices to prove the result for M* instead of M. p (d). Let A > 0. We proceed by 
truncation. For every s > 0, k > 1 define 

„(«) J I . j( s ) J s ) W(J s h 77 \ . 2( s ) w c 0) . 



d[ s) :=d k -d^ ; M^:=£^ ; M« := Mfc _ M W 
Let A > 0. Then, 



P(M* > A) 

E m/ maxi< r ,<2s \Mn\x . , * ^-^ m /niaxi<„<os |Mi I* , , , 
P( 1 1 > A/2) + 2jP( s , > A/2) 



2 s /p ^ 2 s /p 

s>0 s>0 



s>0 ^ s>0 



- \ A r ^ 2 rs /p 

Now, by Fubini and stationarity. 



s>0 
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To deal with the second term, we use Doob's maximal inequality in L r , for the submartingale 
{\M n \ x ) n >i, and ©. We obtain 

(34) £ ^ ,,|M,<%) £ E ^_ E(|M < ?&) 

s>0 s>0 

<D*V r Y,2 (1 - r/p)s H\d[ s) \x) < D r C r ^{\d^ x ) ^ 

which proves the proposition, in that case. When d G L 2 (ft, .F^P) and E 1 ((i) = 0, the proof 
is the same, with the obvious changes, noticing that for every n > 1, (S n (d) — S n _ k (d)) < k < n 
is a (J rn_fc ) <fc<„-martingale and that maxi< fc <„ \S k (d)\x < 2maxi< fc <„ \S n (d) - S n ^ k (d)\ x 
□ 

Appendix B. Proof of Remarks 12.6b and 12.51 
We assume that X is 2-convex For every n > 0, using Cauchy-Schwarz and (??), we have 

2 n + l_ 1 

( Y \\P-kX\\ 2> x) 2 < 2" Y, n\P-kX\ 2 H ) < C2 w E(|E_ 2 n(X)|^) , 

k=2 n k>2 n 

2 n + l_ 1 

and( Y, \\PkX\\ 2iX 2) 2 <2 n Y n\PkX\ 2 H ) < C2 n E(\X -E 2 n(X)\ 2 x ) , 

k=2 n k>2 n 

and Remark 12.6b follows, since the sequences (||E_ n (X)||2,-H) and (\\X — F, n (X)\\2 t u) are 
non-increasing. 

Let us prove Remark 12.51 For every 1 < p < 2, by Holder's inequality twice we have, with 
1/^ + 1/(7 = 1, 

2 n+1 -l 2 n+1 -l 

(Y \\P-kX\\ p , H ) p < 2 np/9 E( ^ <2^ 2 E((^ \P_ k X\ 2 H y/ 2 ) <C72^/ 2 ||E_ 2 n(X)||^, 

fe=2™ fc=2" fc>2" 

2 n+l_ 1 2 n+1 -l 

and(]T ||P fc X|U) 2 < 2"^E( ^ \P k X\ P H ) < 2 n ?/ 2 E(( Y \PkX\ 2 H ) 2 / p ) < CT^I 2 \\X - E 2 „(X)||£ 

fc=2™ fc=2™ fc>2™ 

where we used Burkholder's inequality in Hilbert spaces, see [3]. Then, we conclude as above. 

Appendix C. Proof of Corollary 13.31 
Notice that, by (|23|) . for every x, h, h! E M, we have 

(35) \f(x + h)- f(x + ti)\< 2V(|/i - h'\)(l + \x\ r ) + 2 r - 1 K(\h\ r + \h'\ r ) . 

Recall that for every concave t/j with 4>{fy = 0, x — > ip{x)/x is non-increasing on ]0, +oo[ and 
ip is sub-additive. 

We want to apply Theorem 1 2 . 6 1 and Remark [2 .6b . We shall evaluate ||Po(X n )||2, ||Eo(X n )||2 
and ||X n -E n (X n )||. 

Enlarging our probability space if necessary, we assume that there exists (£(J an indepen- 
dent copy of (£ n ). 
Then, 

P X n = E (f(A n + h n ) - f(A n + h' n )) , 
where A n := Efc>- n a -ki' n+k + Efc>n a k£n-k, K := a n £ and h! n := a n £' . 
In particular, we have, by independence and using ([35]) . 

E((P X n ) 2 ) < C7 r (E(^ 2 (|a n |(N + |eol)IE(l^n| 2r ) + \a n \ 2r E(\^ \ 2r )) 
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We notice now that for every tp G A, there exists C > such that, for every n > 1 
(36) E(^(|a n |(|£o| + ia)<CV(K|). 

This follows from Jensen's inequality and the sub-additivity of p 2 (using that £o G J 7 , P)), 

and it is obvious when p(x) = min(l,x Q ) (using that £o £ L 2a (ft, J 7 , P)). 

Clearly, K(|^| 2 -) < ( £ fc6Z Wk\ Uohr) 2r ■ 

Since x — > tp 2 (x)/x is non-decreasing, when ip 2 is concave, we see that whenever tp G A, 
< <V(|a n |). 

This finishes the proof of Corollary 13.31 under the assumption onn Po(X n ). 
We shall now evaluate ||Eo(X n )||2 and \\X n — K n (X n )\\2. We have 

E (X n ) = E (f(B n + k n ) - f(B n - k' n )) , 
where B n := Y,k>-n a -k£n+k, K = Y.k>n a k£n-k and k' n = Y.k>n a kt' n -k- Hence, using §Sf), 

\\E (X n )\\ 2 < C r (E(p 2 (\k n \ + |*4|)E(|,4 n | 2r ) + 2\\k n \\ 2r r )) . 
When ip 2 is concave, by Jensen's inequality, 

E(tp 2 (\k n \ + < ^ 2 (2E(|£ |) M ^ (! + 2E (M))¥> 2 (E l a *D 

k>n k>n 

When tp(x) = min(l, x a ), assuming that 1/2 < a < 1 (otherwise we are in the previous case), 
we have 

E(p 2 (\k n \ + |*4|) < ( £ |a fc |||eo|| 2a ) 2a < <V(£ Kl) 

k>n k>n 

Clearly, E(\B n \ 2r ) < ( Ekez Kl Uohrf ■ 
Finally, we have 

\\kn\\l<Uo&J2\a k \y 

k>n 

Since x — > tp 2 (x)/x is non-decreasing, when tp 2 is concave, we see that whenever tp G A, 

||Ml;<<V£> fe |). 

Appendix D. The Banach principle 
The following is an extension of the Banach principle as stated in Theorem 7.2 p. 64 of 

EH. 



,2r 



Proposition D.l. Lei (fi,.F, P) 5e a probability space and <Y,B &e Banach spaces. Let C 
be a vector space of measurable functions from $7 to X . Let (T n ) n >i 5e a sequence of linear 
maps from B to C. Assume that there exists a positive decreasing function L on ]0,+oo[, 
with limA-s.oo L(X) = 0, such that 

(37) P(sup \T n x\ x > \\x\b) < L(X) VA > 0, x G B . 

n>l 

T/ien t/ie sets {x G B : |T n x|^ — > P-a.s.} and {x G B : (T n x) n >i is P-a.s. relatively compact in X 
are closed in B. 

Proof. We prove that the second set is closed, the proof for the first one being similar, but 
easier. Let x G B and (x m ) m >i C B be such that \x m — x\b — > and such that for every 

— m— >oo 

rn > 1, (T n x m ) n >i is P-a.s. relatively compact in X. We want to prove that (T n x) n >i is 
P-a.s. relatively compact. 

By (|37p . for every integers m,p > 1, 

P(sup \T n (x-x m )\ x > 1/p) < L(- -) VA > 0, x G B . 

n>l P\x-Xm\B 



IS 
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Since lim,\-»oo L(X) = 0, there exists a subsequence (mk)k>i and a set 1\) G J 7 with F(f^o) = 1, 
such that for every co G Qq, 



sup\T n (x - x mfs )\ x {u) — > 0. 

n>l fe^oo 



There exists Q\ G J 7 , with P(fli) = 1, such that, for every cj G fii and every > 1, 
((T n x mk )(ui)) n >i is relatively compact in X. 

Let w £ fionHi be fixed. Let ipo be an increasing function from N to N. We want to prove 
that (T VQ r n \x(uj)) n >i admits a convergent subsequence. 

For every k > 1, ((T , (/Po ( n )X mt .)(w)) n >i admits a Cauchy subsequence. We construct by 
induction some increasing functions (<fk)k>i such that, for every k > 1, setting ^ := y?o o 
Pio-'-o we have for every p > n > 1, 

l T V fc (n) X ^( W ) -^(pJ^mjkMlA? < 1/n. 

Then, (T^r n \x(u))) is Cauchy. Indeed, for every N > 1, and every p > n > N, we have 

|T^ n(n) x(a;) - %(p)2;(w)|^ 
< l?V„(n)Zm n (w) -%„o^„ +1 o... OV3j ,)(p))«m ra (w)U + 2sup|T r (a; mn -a:)|* — )■ 0, 

and the result follows. □ 
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